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ABSTRACT 


A  mass  spectrometer  ion  source  employing  a  quad- 
rupole  lens  pair  in  place  of  the  conventional  aperture  lens 
arrangement  has  been  constructed. 

An  initially  parallel  beam  produced  by  a  stack  of 
equipotential  rings  was  used  as  input  to  a  quadrupole  lens 
pair.  The  latter  produces  a  wedge-shaped  beam  as  required 
for  maximum  transmission  through  the  beam  tube  of  a  mass 
spectrometer . 

Complete  design  information  has  been  calculated,, 
The  data  are  presented  graphically. 

The  device  was  tested  using  a  flourescent  screen. 
Line  focusses  approximately  .010"  wide  were  obtained.  The 
residual  width  seemed  to  be  due  partly  to  abberations  in 
the  ion  chamber-focussing  section  and  partly  to  the  grid 
used  to  terminate  the  uniform  field  accelerating  section. 

The  quadrupole  source  gave  an  improvement  in 
sensitivity  by  a  factor  of  about  3  over  the  conventional 
source , 
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I. 


INTRODUCTION 


A  wide  variety  of  ion  sources  have  been  employed 
in  mass  spectrometric  studies.  Amongst  the  principal  types 
may  be  included  devices  which  produce  ions  by  electron 
impact,  surface  ionization,  spark  and  arc  discharge,  high- 
field  emission  and  photo-ionization.  However,  for  isotopic 
ratio  studies  only  two  principal  types  are  widely  used. 

These  are,  namely,  the  electron-impact  source  and  the  sur¬ 
face  ionization  source. 

In  the  electron-impact  source,  originally  devised 
by  Dempster  but  brought  to  its  present  form  by  Nier,  the 
material  to  be  studied  is  introduced,  in  the  form  of  a  gas, 
into  the  ionization  chamber  where  it  is  ionized  by  collision 
with  an  electron  beam  moving  parallel  to  the  exit  slit  of 
the  ionization  chamber.  The  ions  are  withdrawn  from  the 
ionization  chamber,  accelerated  and  collimated  to  a  line 
focus  at  the  exit  of  the  source  by  using  a  suitable  arrange¬ 
ment  of  electrodes  and  collimating  slits.  The  ions  emerging 
from  the  exit  slit  of  the  source  pass  into  the  magnetic 
field  of  the  mass  spectrometer  where  they  are  analyzed 
according  to  their  mass. 

The  principal  features  of  the  electron-impact 
source  may  be  summarized  as  follows.  The  ions  arising  from 
an  electron-impact  source  are  nearly  homogeneous  in  energy. 
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energy  spreads  of  ^  0.05  eV  being  typical.  This  represents 

a  considerable  advantage  when  such  a  source  is  to  be  used 

* 

with  a  direction  -  focussing  mass  spectrometer,  as  is  the 

usual  case.  The  ionization  efficiency  of  the  electron  impact 

source  depends  upon  the  geometry  of  the  ionization  chamber 

as  well  as  upon  the  ionization  cross-section  of  the  atom 

involved.  Typical  efficiencies  are  of  the  order  io-^. 

Owing  to  the  large  transmission  losses  in  the  conventional 

electrode  arrangement  (see  below)  generally  only  about  1%  of 

the  ions  formed  in  the  source  are  actually  collected.  Typ- 

**  -10 

ical  sensitivities  are  of  the  order  10  amps  ion  current 
for  a  total  flow  of  2  x  10~^  litres/second  at  1  (i  pressure. 
The  actual  sensitivity  obtained  in  any  particular  case  will, 
of  course,  depend  upon  the  species  of  atom  (or  molecule) 
involved.  Only  very  small  amounts  of  material  are  required 


Direction  -  focussing  mass  spectrometers  are  instruments 
capable  of  refocussing  (first  order  approximation)  an  ion 
beam  diverging  at  a  small  angle  from  the  object  point, 
provided  the  ion  beam  is  homogeneous  in  energy.  The 
velocity  dependence  of  the  focussing  properties  may  be 
removed  by  using  combinations  of  electric  and  magnetic 
fields.  Such  systems  are  termed  double-focussing. 

By  sensitivity  is  meant  the  number  of  ions  ultimately 
extracted  from  the  source  per  unit  number  of  atoms 
introduced  into  the  ionization  chamber.  It  is  thus  the 
product  of  the  ionization  efficiency  and  a  constant 
factor  to  take  account  of  transmission  losses  in  the 
source . 
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, 
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for  an  analysis.  The  following  data,  taken  from  the  litera¬ 
ture,  will  serve  to  indicate  the  situation: 

In  the  case  of  xenon,  2  x  10~^  cc  (5  x  10^  atoms) 
of  a  single  isotope  is  sufficient  for  an  analysis1^  while 

R 

5  x  10  atoms  of  any  xenon  isotope  can  be  detected  using 

19 

suitable  operating  techniques.  These  figures  assume  conven¬ 
tional  detection  apparatus.  Using  an  electron-multipier 
in  place  of  the  normal  collector  arrangement  it  is  even 
possible  to  detect  individual  ions. 

Although  the  electron-impact  source  is  best  suited 
to  the  analysis  of  materials  which  exist  under  normal  conditions 
as  a  gas  or  which  possess  an  appreciable  vapour  pressure,  non¬ 
volatile  solids  may  be  handled  by  using  a  furnace  or  oven 
located  in  the  vicinity  of  the  ionization  chamber. 

However,  for  the  analysis  of  a  number  of  important 
elements,  notably  the  rare  earths  as  well  as  Sc,  G-a,  Y,  In, 
Cs,  La,  Ce,  Rb,  Sr,  and  Tl}^  the  electron  impact  source  is 
less  efficient  than  other  types.  For  such  materials  the 
surface  ionization  source  is  commonly  used. 

Positive  ions  emitted  from  a  salt  coated  on  a  hot 
filament  were  first  observed  by  Gehrcke  and  Reichenheim  in 
1906.  Somewhat  later  (1918)  the  phenomenon  was  applied  by 
Dempster  to  mass  spectroscopy.  Kunsman  (1925)  did  important 
pioneer  work  relevant  to  the  mechanism  of  this  positive-ion 
emission  and  the  methods  of  catalyzing  it. 


. 
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In  the  surface  ionization  source  a  salt  of  the 
element  to  be  studied  is  coated  on  a  filament  which  is  then 
heated  in  vacuum.  If  the  filament  has  a  higher  affinity  for 
electrons  than  the  material  applied  to  it,  a  fraction  N+/NQ 
of  the  material  evaporated  will  be  positively  ionized.  The 
efficiency  of  the  process,  including  the  reemission  as  ions 
of  neutral  atoms  striking  the  hot  filament  has  been  shown 

1  o 

theoretically  to  obey  the  exponential  relation 

N+/Nq  =  exp  [eivtsei  ] 

kT 

where  w  =  work  function  of  the  filament 

cp  =  ionization  potential  of  the  evaporated  atom 

T  =  temperature  of  the  filament. 

In  practice  the  actual  yield  of  positive  ions  depends 

to  a  very  marked  degree  upon  the  chemical  compound  used.  For 

lb 

example,  Inghram  and  Hayden  give  the  following  data  on 
Caesium  salts: 

O 

Using  10  iag/mm  of  CsCl  deposited  on  a  tungsten 

filament,  the  ratio  N+/N0  for  Cs"1  ions  is  approxi- 

-4  /  2 

mately  10  .  Using  10  \i g/mm  of  Cs^SO^  also  depos¬ 

ited  on  tungsten  the  ratio  N^/Nq  for  Cs+  ions  Is 
approximately  1. 

The  gross  difference  in  emission  in  the  two  cases 
may  be  explained  by  the  fact  that  most  of  the  CsCl  evaporates 
before  the  ionization  temperature  is  reached.  Such  difficulties 


. 


;t  op.fr ;  ■'  r  ■  '■  ,/ 


5. 


have  been  overcome  by  certain  workers,,  notably  Inghram  and 
Chupka1^  who  have  used  a  two-filament  arrangement  in  which 
the  volatile  salt  is  evaporated  at  a  relatively  low  tempera¬ 
ture  from  one  filament,  the  vapour  being  ionized  when  it 
impinges  on  an  adjacent  filament  maintained  at  a  much  higher 
temperature . 

Surface  ionization  sources  produce  ions  which  are 

practically  monoenergetic .  Energy  spreads  of  approximately 

0.2  eV  are  typical  and,  although  this  figure  is  larger  than 

that  for  the  electron  impact  source,  nevertheless  it  is  small 

enough  that  completely  satisfactory  results  may  be  obtained 

with  single  focussing  instruments. 

Only  extremely  minute  amounts  of  material  are 

required  for  an  analysis  using  surface  ionization  sources. 

IE 

For  example  Hess  et  al.  J  using  isotope  dilution  techniques 

-IE 

and  a  conventional  collector  system  have  detected  2  x  10  ^gm 

o 

(5  x  10°  atoms)  of  Uranium  with  a  precision  of  1  -  2  percent. 
Using  an  electron-multiplier  considerably  smaller  amounts  may 
be  detected. 


Isotope  Dilution  is  a  sensitive  method  for  determining 
the  amount  of  an  element  present  in  a  sample.  The 
quantity  of  an  element  is  estimated  from  the  change 
produced  in  its  isotopic  composition  by  the  addition  of 
a  known  quantity  of  a  stable  isotopic  tracer  of  that 
element . 
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The  most  serious  disadvantage  of  the  surface  ioniz¬ 
ation  source  is  the  isotopic  fractionation  which  Inevitably 
occurs  during  evaporation  of  the  material  from  the  filament. 

If  the  process  is  one  of  free  evaporation  from  a  liquid,  which 
is  often  the  case,  the  isotopes  evaporate  at  rates  which  are 
inversely  proportional  to  the  square  roots  of  their  masses  and 
the  appropriate  correction  factor  can  be  applied  to  the  data. 
This  is,  of  course.  Important  only  for  absolute  ratio  deter¬ 
minations  . 

From  the  ion-optical  point  of  view,  surface  ioniza¬ 
tion  sources  are  essentially  similar  to  electron  impact 
sources.  The  following  schematic  illustrates  the  conventional 
electrode  arrangement  and  is  the  one  currently  used  in  this 
laboratory . 
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S  is  a  shield  or  case  which  together  with  the  exit 
plate  E  comprises  the  ionization  chamber. 

R  is  a  repeller  plate  which  is  used  to  urge  ions 
emitted  from  the  filament  F  out  through  the  exit  slit  in 
plate  E. 

D.O.P.  (Drawing  out  Plate)  is  held  at  a  potential 
slightly  (  100  v)  below  that  of  the  filament  and  thus  serves 

to  draw  ions  out  of  the  ionization  chamber  and  into  the  region 
of  the  electrode  F-^F^. 

F1  and  F^} which  are  half-plates  insulated  electric¬ 
ally  from  one  another.,  together  comprise  the  focussing 
electrode.  By  holding  and  F 2  at  slightly  different  poten¬ 
tials  a  useful  control  over  the  lateral  position  of  the  ion 
beam  is  obtained.  The  majority  of  the  acceleration  through 
the  ion  source  takes  place  between  the  focus  plate  and  C-^ . 

In  the  conventional  arrangement,  the  apertures  in 

all  plates  are  long  narrow  slits.  Thus  the  three  electrodes 

* 

E,  D.O.P,  and  F^F^  eac]l  ac^  as  slit-aperture  ion  lenses  the 
combined  effect  of  which  is  to  focus  the  ion  beam  to  a  cross¬ 
over  in  the  vicinity  of  the  final  collimator  slit  . 


*  The  theory  of  the  slit  aperture  lens  has  been  given  by 
Harnwelll^  who  obtains  an  approximate  expression  for  the 
focal  length:  f  =  2v/(E2~E ]_),  where  E2  and  E]_  are  field 
strengths  at  the  exit  and  entrance  sides  respectively  of 
the  plane  containing  the  aperture  and  v  is  the  energy  of 
an  ion  at  the  position  of  the  aperture  plate.  The  expres¬ 
sion  is  valid  assuming  slit  widths  much  smaller  than  the 
separation  between  electrodes  and  assuming  small  penetra¬ 
tion  of  the  fields. 
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From  the  point  of  view  of  obtaining  maximum  trans¬ 
mission  through  the  source,  of  those  ions  formed  at  the  fila¬ 
ment,  the  conventional  design  has  several  disadvantages. 

To  achieve  significant  focussing  effects  with  reason¬ 
able  field  strengths  the  width  of  the  apertures  in  the  focus¬ 
sing  electrodes  must  be  small  and,  in  consequence,  a  consider¬ 
able  proportion  of  the  beam  may  be  obstructed.  From  observa¬ 
tion  of  the  deposits  left  on  the  electrodes  after  several  hours 
operation  using  a  filament  heavily  loaded  with  Cs^SO^,  it 
appears,  that  of  those  ions  formed,  approximately  1/2  to  2/3 
are  obstructed  by  the  exit  plate  of  the  ionization  chamber. 
Further  losses  occur  at  the  D.O.P. 

Since  the  slit  lens  arrangement  is  incapable  of 
providing  a  well  defined  crossover  of  small  angular  diver- 
gence  as  is  required  to  obtain  significant  resolution  in 
the  mass  spectrometer,  grounded  collimator  slits  C/  and  C/ 
having  apertures  much  narrower  than  the  width  of  the  beam 
are  used,  resulting  in  further  transmission  losses. 


*  Resolution  is  a  measure  of  the  ability  of  a  mass  spectro¬ 
meter  to  separate  ion  beams  according  to  their  mass.  Two 
ion  beams  of  different  mass  are  said  to  be  just  resolved 
when  the  distance  between  their  centres  equals  the  beam 
width  at  the  image  point  of  the  mass  spectrometer.  For 
the  conventional  direbtion-f ocussing  sector  magnetic  analyzer 
used  symmetrically  ( ie .  object  and  image  distance  equal), 
the  resolution  is  given,  in  a  first  approximation,  by  the 
relation:  R  =  M/MVI  =  r/(Ss+Sc),  where  r  is  the  radius  of 
curvature  of  the  ion  trajectory  in  the  magnetic  field  and 
Ss  and  Sc  are  the  widths  of  the  source  and  collector  slits 
respectively.  In  practice  a  number  of  abberations  exist 
the  most  important  of  which  is  spherical  abberation.  To 
take  account  of  this,  a  term  d^r  must  be  added  where  0  is 
the  half-angular  divergence  of  the  beam  beyond  the  source 
slit.  These  matters  are  discussed  in  detail  by  Barnard-1-. 
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9. 


In  the  conventional  source  no  provision  Is  made  for 
focussing  the  beam  in  the  x~z  (slit  long-axis)  plane.  The 
consequent  transmission  losses  can  be  considerable  since  not 
only  is  the  beam  obstructed  by  the  source  electrodes,  but 
also  a  sizable  fraction  of  it  may  not  actually  reach  the 
Faraday  cage  of  the  collector  since  the  latter  is  located  some 
distance  (-v  2  to  3  ft.)  away.  Overall  transmission  losses 
in  the  conventional  source  may  amount  to  as  much  as  approxi¬ 
mately  99$-^ 

One  further  point  in  connection  with  the  use  of 
slit  aperture  lenses  in  the  conventional  source  needs  be 
made.  Whenever  electrodes  are  bombarded  by  a  sufficiently 
energetic  ion  beam,  two  effects,  both  undesirable  in  an  ion 
source,  may  occur.  These  are,  namely,  secondary  electron 
emission  and  polarization.  Furthermore,  the  conditions  under 
which  secondary  electron  emission  effects  are  minimized  are 
precisely  the  ones  under  which  polarization  effects  are 
maximized.*  In  order  to  avoid  spurious  effects  deriving 
from  these  two  causes  it  is  clearly  desirable  that  the  ion 
beam  pass  through  the  source  with  minimal  obstruction  by 
the  electrode  surfaces.  This  condition  can  not  be  met  using 
aperture  lenses. 


*  Secondary  emission  yields  are  greatest  for  ions  incident 
normally  uponasmooth  metal  surface.  Polarization  is 
greatest  for  ions  incident  at  grazing  angles  upon  a  rough 
or  porous  metal  surface. 
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Following  the  work  of  Giese1^  and  Klnzer  and  Carr1^ 
an  Ion  source  has  been  constructed  which  attempts  to  overcome 
some  of  the  difficulties  inherent  in  the  conventional  arrange 
ment . 

In  place  of  the  usual  focussing  and  collimating 
slits,  the  new  source  employs  a  quadrupole  lens  pair  to  focus 
an  initially  parallel  ion  beam  of  rectangular  cross-section 
to  a  line  focus  at  the  object  point  of  the  mass  spectrometer. 
Such  an  arrangement  might  be  expected  to  provide  increased 
sensitivity  over  that  obtained  in  the  conventional  source 
since  no  narrow  apertures  exist  to  obstruct  the  beam  and 
also  because  control  is  gained  over  focussing  conditions  in 
the  x-z  plane.  In  addition,  some  improvement  in  resolution 
seems  not  out  of  the  question.  A  very  narrow  line  focus 
ought  to  be  possible  provided  abberations  other  than  within 
the  quadrupole  lens  can  be  minimized.  The  quadrupole  lens 
itself  is  relatively  free  from  spherical  abberation. 
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II.  THEORY  OF  THE  QUADRUPOLE  LENS 

A.  The  Trajectory  Equations 

Quadrupole  lenses  for  a  variety  of  purposes  have 
been  constructed  using  both  magnetic  and  electrostatic 
fields . 3^9^ 10,20-23)  However,  for  applications  in  mass 
spectrometry,  magnetic  lenses  are  undesirable  and  hence  only 
the  electrostatic  case  will  be  considered  here. 

For  a  charged  particle  moving  in  the  z  direction 
through  a  field  of  the  form: 

/A  A  \  ^ 

E  =  k(xi  -  yd.) 

the  equations  of  motion  are: 

n  e 

x  =  -  kx 

m 

ii  e 

y  =  ky 

it 

z  =  0 


Hr 


The  equipotentials  of  such  a 
field  are  given  by  the  family 
of  curves: 

(f)  =  f E  •  d T  =  ^(y^-x^)  =  constant 

which  are  hyperbolas  with  asym¬ 
ptotes  y  =  *  x.  Hence  we  con¬ 
clude  the  pole  pieces  should  by 
hyperbolas  asymptotic  to  the 
lines  y  =  ±  x,  as  shown  in  the 
figure  (these  matters  are  dis¬ 
cussed  further  in  Appendix  l) . 
element  and  2RQ  the  aperture. 
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Assuming  that  the  trajectories  in  the  x  -  z  and 
y  -  z  planes  make  only  small  angles  with  the  z  axis  (in  the 
paraxial  approximation) ,  the  magnitude  of  the  particleb 
velocity 


dz 

dt 


[i  +(^)2 

dz 


+ 


(4^)2i 


1/2 


dz 


is  given  approximately  by 


v 


dz 

dt 


) 


which  is  a  constant.  Also,  since 


dx  ^  dx  cLz  ^  dx 
dt  dz  dt  dz 


Similarly, 


d2x  £  v2d^x 
dt2  dz2 

d2y  ^  v2d2y 

"  <~\j  ————— 

dt2  dz2 


Thus  the  equations  of  the  trajectories  become: 


d2x 

dz2 

and 

<i2y 

dz2 

-<JD2y 

where 

a>2  = 

ek 

2 

mvc 

2 

03  x 


for  the  divergent  plane 


for  the  convergent  plane, 

V 


where  E  is  the  energy  in  volts  of  the  incident  particle  and 
V  and  Rq  are  as  defined  above . 
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The  following  definitions  are  taken  as  boundary 
conditions : 

x(0)  =  xQ  x(d)  =  xx 

dx/dz  I  _  .  =  xn  ck/dz  I  ,  =  x, 

1  z=o  o  /  1  z=d  1 

where  the  field  is  assumed  to  extend  over  a  region  of  length  d  . 
Similar  definitions  apply  to  the  y-z  plane. 

Trajectories  Through  a  Quadrupole  Lens 


Inserting  the  boundary  conditons,  the  trajectory 
equation  in  the  divergent  plane  becomes: 

x-.  =  x  cosh  end  +  — 2  slnh  cod 

1  O  03 


* 


See  Appendix  I 
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Also  x,  =  x  03  sinh  cud  +  x  cosh  cud 

1  o  o 

Similarly,  equations  for  the  trajectory  in  the  convergent  plane 
can  be  written: 


yl  =  yo  cos  + 


yo 

cu 


sin  cud 


y.,  =  -y  cusin  cud  +  y  cos  cud 

°  l  °  o  o 


B.  A  Matrix  Formulation  for  the  Quadrupole  Lens 

It  is  most  convenient  to  express  the  trajectory 
equation  in  a  matrix  formalism  as  is  done  in  ordinary  geomet¬ 
rical  optics. 

Then  the  off-axis  displacement  and  angle  of  the 
trajectory  at  the  lens  exit  are  given  in  terms  of  similar 
quantities  at  the  lens  entrance  by  the  matrix  transformations 


r  x  ■> 
X1 

=  (D) 

r  x  > 
o 

.x1  „ 

.  X 

"  o J 

and 

^yr 

=  (c) 

f  y  ''i 
J  o 

s. 

^  yQ  > 

for  the  divergent  plane 


for  the  convergent  plane 


The  divergence  and  convergence  matrices  are  given 
respectively  by 


(D)  = 


cosh  cud 


-cusinh  cud 


—  sinh  cud  ^ 
cu 


cosh  cud  ■> 


(1) 


0  k 
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(C) 


^  —  cd  sin  cod 


—  sin  cud  'i 

CD 

cos  cod  y 


(2) 


* 

Using  the  matrix  method  it  is  a  simple  matter  to 
show  that  the  convergence  matrix  (C)  focusses  an  incident 
parallel  beam  on  to  the  z  axis. 

Let  z^  be  the  distance,  measured  with  respect  to  the 
lens  exit,  at  which  the  beam  crosses  the  z  axis.  The  trans¬ 
formation  consists  of  a  lens  (C)  followed  by  a  drift  space  of 
length  z^j  whilst  the  boundary  conditions  are 

x  =  0,  X-.  =  0 

o  1 


(It  should  be  noted  that  a  more  general  definition  for  x  , 
x^,  etc.  than  that  previously  used  has  been  assumed;  viz. 
the  relevant  quantities  are  considered  to  be  evaluated  at  the 
entrance  and  exit  to  the  entire  system) .  Thus  the  transform¬ 
ation  is  described  by 


"  0  " 

= 

"1 

V 

(C) 

A 

X 

o 

J 

s.  xn  J 

.0 

1  . 

lo  J 

Inserting  equation  (2)  gives 


cd  tan  cDd  , 

z is  not  a  focal  length  in  the  usual  sense  since  it  is 
measured  from  the  lens  exit  and  not  from  the  exit  principal 
plane . 


* 


See  Appendix  II 
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Expressions  for  the  focal  length  and  positions  of 

* 

the  principal  planes  may  be  found  using  the  relation  : 


(c)  = 


i  -  hi/f 

-  i/f 


h0+hl  -  tali' 
i  -  hn/f 


(3) 


which  is  valid  if  the  quadrupole  can  be  represented  by  a 
thick  lens . 

The  exit  principal  plane  is  located  at  a  distance  hQ 
before  the  lens  exit  whilst  the  entrance  principal  plane  is 
located  at  a  distance  h^  after  the  lens  entrance. 

Equating  elements  in  (3)  we  find,,  for  the  converging 


plane 


and 


l/f  =  a)  sin  cod 

h  =  h.  =  (1  -  cos  cud)/cu  sin  cud 

o  1  ' 


By  inserting  (B)  in  equation  (3)  we  find  for  the 
diverging  plane: 


l/f 1  =  -cu  sirih  cud 

h!  =  h •  =  (cosh  cud  -  l)/cu  sinh  cud 

By  definition,  a  lens  is  thin  if  its  two  principal 
planes  coincide.  Thus  for  the  quadrupole  lens,  the  criterion 
that  it  be  thin  is 

hQ  =  h±  =  d/2  . 


* 


See  Appendix  II 
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Expanding  the  expressions  for  the  positions  of  the 
principal  planes  in  powers  of  cud,  we  obtain: 


=  h 


d 


(1+ 


(cud; 

12 


+  ....)  for  the  converging 


plane,  and 


d  (i  .  (md)2  ) 

2  12 


for  the  diverging  plane.  Thus  the  quadrupole  behaves  as  a 
thin  lens  if 


(cud)2  «  1. 


In  this  approximation  also  the  expansions 


1/f 

=  cu2d  (1  - 

(adi2 

6 

) 

1/f  ‘ 

=  -  cu2d  (1  + 

2,2 
cu  d 

6  ' 

) 

yield 

1/f 

=  -1/f'  % 

p 

cu  d  . 

Since, 

individually. 

quadrupole 

lenses  are  conver 

gent  in  one  plane  but  divergent  in  the  other,  it  is  necessary, 
in  order  to  obtain  a  system  which  is  convergent  in  both  planes, 
to  combine  two  or  more  quadrupoles  with  the  convergence  plane 
of  the  second  lens  rotated  90°  with  respect  to  that  of  the 
first,  Thus,  for  a  system  of  two  quadrupoles,  the  lens  will 
be  first  convergent  then  divergent  in  one  plane  (the  C.  D. 
plane)  while  in  the  other  plane  (D.  C.  plane)  it  will  be 


, 


*. 
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first  divergent,  then  convergent. 

Assuming  two  quadrupoles,  both  of  length  d,  sepa¬ 
rated  a  distance  L  between  pole  pieces,  the  transformation 
becomes  in  the  C.  D.  plane: 


(M) 


r  cosh  o)^ 
,  co^sinh 


—  sinh  0)o> 
0)2  d 

cosh  ov> 


"1 

.0 


IT 

1. 


rCOS  0)-^ 

^-o^sin  o)-^ 


1  . 

—  sin  o)n 

h  1 

COS  O)^  J 


and  in  the  D.  C.  plane: 


(N)  = 


cos  ov 


—  sin  Gdr 

0)~  c 


L-o^sin  <^2  cos  ^2 


f  1  L 

0  1; 


fcosh  o)n  —  sinh  o)-,  ^ 

1  0)^  1 


.0) 


isinh  o>l  cosh  o^ 


where  for  convenience  d  has  been  chosen  as  the  unit  of  length. 
Carrying  out  the  multiplication  we  find  for  the 

f 

matrix"  elements: 

o)x 

Mu  =  cos^  ^2  COS  ^1  ”  ^1  cos^  ^2  S^n  ^1  ”  ~  s^-n^  ^2  S^n  ^l 

M12  *  o>  s°sh  ^2  sin  L  c°sh  ^2  cos  ^i  +  sinh  o)^  cos  o)^ 

Mgi  =  o)g  sinh  o)g  cos  o)^  -  Lo^o^sinh  ov,  sin  o)^  -  0)^  cosh  o^sin  o)^ 

0)2 

M00  =  —  sinh  ou  sin  ox.  +  Lou  sinh  0)o  cos  ou  +  cosh  ou  cos  o), 
22o)1  212  21  21 


(C.  D.  Plane) 


and 
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N 


11 


N 


12 


N 


21 


N22 


COS  03o  cosh  CO,  + 
—cos  co0  slnh  cu^ 
oo^ cos  co^  slnh  co^ 
cos  cog  cosh  co^  - 

By  inspection 


03, 

L03, 

cos 

or 

sinh 

03, 

+ 

1. 

sin 

03, 

sinh 

03, 

1 

2 

1 

032 

2 

1 

4-  L 

cos 

03o 

cosh 

03.. 

+ 

1_ 

sin 

co. 

cosh 

03, 

2 

1 

C3q 

c. 

2 

1 

-  Lo^GDg 

sin 

03o  sinh 

03 

1 

^2 

sin 

03o  COSh  03. 

03,., 

Lou 

sin 

03~ 

cosh 

03, 

\ d 

sin 

03, 

sinh 

03, 

2 

2 

1 

03, 

2 

1 

(D0  C.  plane) 

,  the  following  relations  are  seen 


to  hold: 


Mn(03i,03p) 

=  N22(032,03-L) 

^  ^1  3  ^2  ^ 

=  N-^2(03.2,03^) 

^2  ^  3  ^p ) 

-  N2l(o32,03i) 

Mpp  (  03-j^  ,  03p  ) 

= 

Since  furthermore  the  transformation  matrices  are 
orthogonal : 


MM  _  M  M  =  N  N  -NN  =1 
11  22  12m21  1  ±±  22  12^21  1 


Thus  the  eight  expressions  for  the  matrix  elements 
are  reduced  to  three  independant  relations  which,  in  principle, 
could  be  solved  for  the  three  lens  parameters  co-^,  ov,  and  L. 
However,  since  this  is  analytically  impossible  it  is  neces¬ 
sary  to  resort  to  a  graphical  method. 


M 
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In  the  literature,  graphical  methods  are  treated 

20 

by  at  least  two  authors.  Rosenblatt  provides  curves  of 


where 

and 


hQ(a),  y)  =  h1(a>,  l/y) 


h  1(aj,'y)  =  h^co,  l/y) 


f  (o),y)  =  f'(a>,l/y) 

a)  =  (cd^cd^)  is  the  mean  lens  "strength" 

y  =  (o^/ov,)1/2  is  the  asymmetry  parameter. 


Given  object  and  image  distances  S  ,  S!  and  S. ,  S!  in  the 
C.  D.  and  D.  C.  planes  respectively,  the  curves  may  be  used 
to  find  appropriate  values  of  co  and  y  by  trial  and  error. 

o 

Enge 1 s°  method  differs  from  this.  Using  the  fact 
that  the  tangent  to  the  hyperbolic  curve  at  the  exit  of  the 
first  lens  must  intercept  the  optic  axis  at  the  same  point 
as  the  tangent  to  the  trigonometric  curve  from  the  entrance 
of  the  second  lens  (D.  C.  plane),  a  relation  which  must  be 
satisfied  by  co^  and  ov>  is  obtained.  A  second  relation  may 
be  obtained  by  considering  conditions  in  the  C.  D.  plane. 

Curves  of  the  position  of  the  intercept  xc  are 
plotted  versus  cod  with  object  and  image  distances  in  both 
planes  taken  as  parameters.  From  the  curves,  the  appropriate 
values  of  o^d,  co^d  may  be  found.  Finally,  curves  of  image 
distance  versus  (cD^d)  and  versus  (a.v>d)  with  object  distance 
as  parameters  are  given.  These  refer  only  to  the  case  of 
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stigmatic  objects  and  Images. 

For  the  present  application  however,  it  is  required 
to  focus  a  beam  incident  parallel  to  the  axis  such  that  in 
one  plane  the  crossover  occurs  relatively  close  to  the  lens, 
while  in  a  perpendicular  plane  the  beam  remains  parallel  or 
is  slightly  convergent,  as  the  following  sketch  will  make 
clear . 


Since  data  relevant  to  this  particular  situation 
were  not  available  it  was  necessary  to  carry  out  calculations. 
The  cumbersome  complexities  of  graphical  computation  were 
avoided  by  using  a  digital  computer. 
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Referring  to  the  diagram  above,  it  should  be  noted 
that  the  following  choice  of  coordinates  has  been  made  (this 
convention  is  adhered  to  in  all  succeeding  work) .  The  z 
axis  lies  along  the  direction  of  motion  of  the  ion  beam. 

The  x  axis  is  chosen  to  lie  in  the  plane  of  the  analyzer 
magnetic  field,  ie .  parallel  to  the  long  axis  of  the  defining 
slit  in  a  conventional  ion  source.  Then  the  near-focussing 
plane  is  the  y-z  plane. 

The  above  drawing  illustrates  beam  trajectories  in 
both  planes  with  the  lens  system  oriented  such  that  the 
near-focus  plane  is  a  C.  D.  combination.  This  orientation 
is  assumed  in  the  calculations  immediately  below. 

For  the  case  of  a  stigmatic  object  at  infinity, 
simple  expressions  for  the  image  distances  S  ,  and  S  rneas- 

y  x 

ured  from  the  lens  exit  may  be  found  in  terms  of  matrix 
elements  for  the  lens. 

Since  in  this  case  the  lens  relation  becomes,  for 
the  y-z  plane 


Pi 


y 


where  Pi  is  the  image  distance  measured  from  the  exit 

tj 

principal  plane,  and,  referring  to  Appendix  II, 
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we  find 

Sy  "  ’ 

in  units  of  d,  the  length  of  the  lens  element.  Similar ly, 

Sx  =  -Nll/N21  • 

It  is  required  to  find  solutions  cjd^,  ov,,  which  are 
simultaneously  solutions  of  the  above  equations.  In  order 
to  formulate  the  problem  in  a  form  amenable  to  digital  com¬ 
putation,  Newton's  method  was  used. 

Define  two  new  functions; 


f  (x,y,L) 


,  N11(x,y,L) 

X  N21(x,y,L) 


g(x,y,  L) 


Mi:[(x,y,L) 

M21(x,y,L) 


treating  L,  S  ,  S  as  parameters  solutions  x,  y  are  sought 
x  y 

such  that 


f (x, y, L)  =  g(x,y,L)  =  0 

Assume  x^,  y1  are  values  in  the  neighbourhood  of 
the  exact  solution;  x,  y. 

Expand  f  and  g  in  Taylor  series  about  x1, 
retaining  only  first  order  terms; 


<.  v,  -,x;  ,  g.i‘. 
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0  =  f(x,y)  =  f(x1,y1)  + 


h  +  tt- 


X1 


af 

ay 


k  + 


yi 


o  =  g(x,y) 


gul^yp)  + 


X1 


k  +  •  .  , 

yi 


then  h 


-f(xi*yi)  |f1  +  s(xi*yi) 


df 

ayp 


af  ag  _  af  ag 

^x1  ay1  ay1  ch^ 


k 


/  \  af 

-sUx^i)  ^ 

at  ag 
ax1  ay1 


+  f(x1,y1 


x  ag 
J  ax 


i 


af  ^g 
ay-j_  ax-L 


The  procedure  in  using  Newtons  -method  is  as  follows. 
Given  x^,  y^  as  initial  starting  values,  h  and  k  are  calcu¬ 
lated,  as  increments  to  be  added  to  x-^,  y-^  to  give 

x2  =  X1  +  h 

y2  =  y-L  +  k 

The  new  values  x^,  y^  will  be  a  closer  approximation  to  the 
solution  than  were  x^,  y^ .  The  procedure  is  repeated  using 
x23  ^2  ca-lcula'te  new  increments  h^,  k^  which  added  to 
x2’  ^2  ^ive  even  closer  approximations  to  the  solution.  The 
procedure  is  repeated  to  give  any  desired  degree  of  accuracy. 
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A  computer  programme  was  set  up  along  these  lines. 
However  some  difficulty  was  had  in  choosing  suitable  Initial 
values.  This  was  finally  surmounted  by  inserting  loops  in 
the  programme  which  caused  the  initial  value  x  to  be  incre¬ 
mented  in  the  event  that  x  became  unreasonably  large  or 
negative.  By  unreasonably  large  is  meant  numbers  greater 

oQ 

than  the  capacity  of  the  computer.,  ie .  .  Of  course,  it 

is  physically  meaningless  for  x  to  be  negative. 

One  unexpected  result  emerged.  It  was  cursorily 
assumed  that  solutions  should  exist  for  all  positive  values 
of  S  and  S  .  However,  this  proved  not  to  be  the  case. 

x  y 

For  a  given  Sv,  there  is  a  maximum  value  which  can  be 
assumed  by  Sx,  ie .  the  "astigmatism"  of  the  system  is  limited. 
It  was  found  that  greater  "astigmatism"  is  achieved  if  the 
focus  plane  is  a  C.  D.  combination. 

A  copy  of  the  programme  ultimately  used  is  given 
below.  In  terms  of  our  present  notation  the  computer  symbols 
used  are: 

X  =  CDn 

SX  =  sy 
BIGL  =  L 

SM21  =  )  BM21  =  N21(co1,co2) 

BM22  =  N-^o^,  o^) 


y  =  0)2 
SZ  =  sx 


SM11  =  M11(co1,o)2) 
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.1  903185  QUADRUPOLE  ION  SOURCE 
.LOAD  FORGO  CLOCK  20000  ALLOW 

1  READ2,0MEG,GAMM,EPSIL,BIGL,SX,SZ 

2  F0RMAT(f6.3,e6.3,E10.5,f6.3,f8.2,f8.2) 

10  SAM  =  0.0 

OMEG  =0.05 
9  X=OMEG*GAMM 

Y=OMEG/GAMM 
SMH=0 . 0 
SMK=0 . 0 

3  X=X+SMH 
Y=Y+SMK 

IF (X) 500, 500, 555 
555  IF(X-38. 0)400,500, 500 

400  AA=EXPF(X) 

BB=EXPF ( Y) 

AX= AA- 1 . O/AA 
BX=AA+1 . O/AA 
AY=BB-1 .O/BB 
BY=BB+1.0/BB 
T=COSF (X) 

S=SINF(X) 

R=COSF  Y) 

W=SINF(Y) 

BM21= (X*AX*R- (BIGL*X*AX+BX) *Y*W) /2 . 
BM22=(X*AX*W/Y+(BX+BIGL*X*AX) *R) /2 . 
F=-SZ-BM22/BM21 

C= ( X  *  AX /Y**2+B IGL*X*  AX+BX ) *W -X*  AX*R/Y 

o=x*ax*w+ (bigl*a*ax+bx) * (w+y*r) 

A= (BM21*C-BM22*0) /( 2 . *BM21**2 ) 

CA=AX* (W/Y+R+BIGL*R) +BX* (W*X/Y+BIGL*X*R) 

OA=R* ( AX+X*BX) =Y*W* ( AX+BIGL* ( AX+X*BX) ) 

B=- (BM21*CA-BM22*0A) /( 2 . *BM21**2) 

SM21= ( Y*AY*T-BIGL*X*Y*AY*S-X*BY*S) /2 . 

SM11=(BY*T-BIGL*X*BY*S-X*AY*S/Y) /2 . 

G=-SX-SMll/SM21 

DB=BY*S+ ( AY /Y+B IG L*B Y ) * ( S+X*T) 

OB=Y*AY*S+ ( BIGL*Y*AY+BY) * ( S+X*T) 

P=  ( SM21*DB-SM.11*0B)  /( 2  .  *SM21**2 ) 

DC= ( T-BIGL*X*S ) * AY-X*S* ( BY/Y- AY/Y**2 ) 

0C= ( T-BIGL*X*S) * ( AY+Y*BY) -X*S*AY 
Qf- ( SM21*DC-SM11*0C) /( 2 . *SM21**2) 

SMH=(Q*F-G*A) /(A*P-Q*B) 

SMK= ( P*F - G*B ) / ( Q*B- P*  A ) 

DEV=ABSF ( SMH) +ABSF ( SMK) 

IF(DEV-EPSIL)4,4,3 

4  omeg=sqrtf(x*y) 

GAMM=SQRTF(X/Y) 

PUNCH303.X, Y,BIGL 

303  format(5H  x  =  F6.3.5H  y  =  f6.3,8h  bigl  =  F6.3) 
PUNCH101 , SX, SZ, OMEG, GAMM 
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101  F0RMAT(6H  SX  =  F8.2,6H  SZ  =  F8.2,8H  OMEG  =  F5-3.8H 
GAMM  =  F6.3) 

PUNCH202,SM21,BM21,SM11,BM22 

202  FORMAT (7HSM21  =  F8.5.8H  BM21  =  F8,5.8H  S.M11  =  F6.3,8H  BM22 
=  F6.3) 

GO  TO  1 

500  IF (SAM-10. 0)600,700,700 
600  OMEG  =  0MEG+0.2 
SAM  =  SAM+1.0 
GO  TO  9 

700  PUNCH  701 

701  FORMAT (13H  NO  SOLUTION.) 

GO  TO  1 

END 
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As  explained  in  the  introduction  it  is  important, 
in  the  present  application,  to  know  values  of  the  half-angle 
of  divergence  of  the  beam  beyond  the  cross-over  in  the  y  -  z 
plane . 

Assuming  the  y  -  z  plane  to  be  a  C.  D.  plane,  the 
matrix  transformation  for  an  initially  parallel  beam  is 
described  by: 
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from  which 
Then  0  = 


y- 


M 


21 


=  ^21^o  (where  yQ  is  in  units  of  d) . 

y 

_2  where  y^  is  in  cm. 
d  ° 


For  reasons  which  will  be  made  clear  later,  it  is 
also  of  interest  to  have  an  expression  for  the  amplitude  of 
the  trajectory  in  the  x  -  z  plane  at  a  distance  a  from  the 
lens  exit.  This  may  be  found  as  follows:  the  transformation 
consists  of  a  lens  followed  by  a  drift  space  of  length  a. 
Hence : 
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Similarly,  if  the  focus  plane  is  a  D.  C.  plane,  we  obtain: 


Sy  -  -Nll/^21 


Sx  - 


9  = 


N 


21 


yG/d 


x(a)  =  (Mi:l  +  aMon)  x 


21 '  o  ' 


The  results  of  the  calculations  are  presented 
below  in  graphical  form  for  the  two  cases:  (l)  near-focussing 
(y  -  z)  plane  a  C.  D.  combination,  and  (2)  near-focussing 
plane  a  D.  C.  combination. 

Curves  are  provided  of  the  near-focus  image  dis¬ 
tance  Sy  (measured  from  the  exit  of  the  second  lens)  versus 
lens  strengths  oin  and  0)o,  with  L,  the  lens  separation  and  S 
treated  as  parameters.  Data  is  provided  for  three  values  of 
L,  namely: 

L  =  0.5^  lj  and  2  (in  units  of  d), 

however,  only  one  value  of  S.  ,  Sv  =  500  has  been  considered. 

x  x 

(Calculation  showed,  as  might  be  expected,  values  of  co^,  av> 
to  be  rather  insensitive  to  S„  for  S  ^  500. 

X  X 

Curves  of  0/yo  (the  ratio  of  the  beam  1/2  angle  of 
divergence  to  the  initial  1/2  width  in  the  near-focus  plane) 
versus  Sy  are  given,  as  well  as  curves  of  Sy  versus  x1/xQ 
(the  ratio  of  the  beam  1/2  width  at  the  lens  exit  to  the 
initial  1/2  width,  in  the  x  -  z  plane) . 

In  using  these  curves  it  should  be  noted  that  all 
dimensional  quantities  are  given  in  units  of  d,  the  effec¬ 
tive  length  of  a  lens  element. 
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vs  9/j0  :  y  -  z  plane  a  D.  C.  Plane 


vs  xj/x  :  y  -  z  plane  a  D.  C.  Plane 
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The  following  conclusions  may  be  drawn  from  the 

graphs : 

For  given  S  ,  S  ,  L  higher  voltages  are  required 
x  y  7 

in  case  (2)  (see  previous  page)  than  in  case  (l).  The  maxi¬ 
mum  permissable  beam  half-length  xq  is  less  in  case  (l) 
than  in  case  (2)  . 

With  0  also  fixed,  the  maximum  initial  beam  half¬ 
width  y0  is  greater  in  case  (l)  than  in  case  (2). 

The  effect  of  increasing  L,  the  lens  separation, 
is,  in  case  (l)  to  permit  larger  values  of  yQ  but  smaller 
values  of  x  .  The  situation  is  reversed  in  case  (2)  although 
the  reduction  in  y0  is  slight. 

Increasing  Sy  permits  larger  values  of  both  yQ  and 
xQ  in  case  (l)  while  in  case  (2)  the  maximum  value  of  yQ 
increases  while  the  maximum  permissable  value  of  xQ  decreases. 
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III.  DESIGN  OF  THE  APPARATUS 

A.  The  Quadrupole  Lens  System 

There  are  a  number  of  requirements  on  the  shape 
and  dimensions  of  the  ion  beam  which  bear  on  the  design  of 
the  lens  system. 


As  pointed  out  earlier,  for  maximum  transmission 


through  the  mass  spectrometer  analyzer,  the  beam  should  be 
parallel  or  slightly  convergent  in  the  plane  of  the  analyzer 
magnetic  field.  At  the  same  time  in  the  other  plane  (y-z 
plane),  the  beam  must  be  sharply  focussed  at  a  relatively  short 
distance  from  the  lens  exit. 

From  the  following  diagram  illustrating  the 
quadrupole  pair  mounted  in  the  beam  tube. 

The  Quadrupole  Lens  Mounted  in  the  Beam  Tube 

Fig.  IV 


it  is  seen  that  (Sy+z0+2  +  L)d  £  9.3  cm. 
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Assuming  an  instrument  possessing  only  first  order 
focussing,*  the  resolution  is  give  by 

m/am  %  - - - 

Ss  +  S6  +  02r  +  . . . 

p 

where  0  R  is  the  contribution  due  to  spherical  abberation  in 

the  analyzer  magnet.  In  the  present  case,  the  collector  slit 

width  S  =  .017"  while  the  radius  of  curvature  R  =  6"  . 

0 

p 

Thus  the  0  R  term  is  essentially  negligible  if 

0  £  .02 

Since  0  =  yQ/d  ( if  y  -  z  plane  a  C.  D.  plane) 

and  since  is  fixed  by  the  requirements  on  S  ,  Sv,  the 

d  1  y  * 

restriction  on  the  value  of  0  may  be  considered  a  restriction 
on  the  value  of  y  ,  the  initial  beam  half-width. 

In  order  to  minimize  spherical  abberation  in  the 
quadrupole  lens  system  the  lens  aperture  (2RQ)  should  be  much 
larger  than  the  beam  dimensions.  In  the  present  case,  the 
maximum  practicable  aperture  is  RQ  ~  6  mm. 


The  instrument  for  which  the  present  lens  system  is 
intended  has,  in  fact,  specially  shaped  pole  pieces  such 
that  ideally  the  @2r  term  does  not  enter  ( ie . second-order 
focussing) .  However,  as  Barnard^  points  out,  achieving 
second  order  focussing  in  a  practical  sense  requires 
precise  alignment  of  the  source  and  collector  slits  with 
respect  to  the  magnet.  In  the  present  circumstances, 
this  would  be  extremely  difficult  to  accomplish  owing  to 
a  lack  of  knowledge  of  the  precise  position  of  the  source 
defining  "slit"  ( ie.  crossover  point). 
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Upper  limits  on  the  intial  half-width  of  the  beam 
in  the  x  -  z  plane  are  set  by  the  obvious  requirement  that 
transmission  losses  as  a  result  of  the  beam  being  obstructed 
by  the  lens  itself  or  by  the  spectrometer  tube  are  to  be 
avoided.  This  situation  is  furthermore  undesirable  on  the 
grounds  that  bombardment  of  metal  parts  or  insulators  by  the 
ion  beam  can  lead  to  spurious  effects  due  to  polarization  or 
secondary  electron  emission,  as  pointed  out  earlier.  Thus 
we  require: 

x  —  R_  =  6  mm 

o  o 

X1  =  Nnxo  —  R0  =  ^  mm  (ify-z  plane 

a  C.  D.  plane) 

x( a)  =  (N11+N21  -|)xo  -  5  rnm 

We  have  thus  established  criteria  for  the  upper 
limits  on  xQ,  and  y  .  Lower  limits  are  set  by  the  require¬ 
ments  of  sensitivity.  In  the  conventional  source  used  in 
this  laboratory  the  aperture  next  to  the  filament  has  an 

p 

area  of  16  mm  and  hence  we  may  require 

x0y0  'v  4  mm. 

From  the  graphs,  the  following  data  are  obtained 

(assuming  z^  =1.5  mm,  d  =  1.3  cm,  R  =6  mm,  6  =  .02  rad., 

o  ’  o  9  max 

x(a)  %  Xn  =4  mm. ) 

^  '  max  imax  ’ 
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Design  Parameters  for  Quadrupole  Ion  Source 
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To  take  advantage  of  the  slightly  larger  maximum 
Initial  beam  area  a  lens  separation  of  L  =  0.5  was  chosen. 

Two  sizes  of  defining  slits  were  made  with  dimen¬ 
sions  appropriate  to  maximum  area  in  cases  (a)  and  (b) . 

This  was  done  to  check  the  extent  of  abberations  in  the  system. 

The  physical  dimensions  of  the  quadrupole  parts  are 
given  in  the  drawings  of  Section  (c)  below. 

B.  The  Ionization  Chamber  and  Accelerator 


Several  arrangements  for  obtaining  a  parallel 


beam  as  input  to  the  quadrupole  lens  were  tested.  All  of 
these  consisted  of  a  stack  of  circular  rings  separated  by 
equal  potential  intervals  preceded  by  an  ionization  chamber 
with  associated  electrodes. 


The  first  arrangement  tested  consisted  in  the 


following: 


Fig.  V 

Schematic?  Ionization  Chamber  and  Accelerator 

Accelerator 
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The  ionization  chamber  was  identical  with  that 
used  in  the  conventional  source,  with  the  exception  of  the 
aperture  dimensions.  A  repeller  electrode  as  well  as  pro¬ 
vision  for  adjusting  the  case  potential  with  respect  to  the 
filament  were  provided.  The  drawing  out  plate  was  variable 
in  potential  from  that  of  the  case  to  that  of  the  uppermost 
accelerator  electrode  and  had  an  aperture  of  dimensions  equal 
to  the  maximum  permissable  initial  beam  dimensions.  The 
uppermost  plate  of  the  accelerating  section  had  an  aperture 
of  the  same  dimensions  as  the  remaining  accelerator  electrodes. 
The  final  plate  of  the  accelerator  held  a  tungsten  wire  grid 
the  purpose  of  which  was  to  terminate  the  accelerator  field. 
(Penetration  of  the  accelerator  field  into  the  region  of  the 
quadrupole  lens  would  produce  chromatic  abberations  in  addi¬ 
tion  to  defocussing  the  beam) .  In  order  to  minimize  beam 
scattering  in  the  focus  plane  the  grid  was  constructed  with 
wires  running  perpendicular  to  the  long  axis  of  the  beam 
cross  over  ( ie.  parallel  to  the  y-axis) . 

The  arrangement  was  tested  using  a  fluorescent 
screen*.  For  these  tests.  Cesium  ions  emitted  from  a 


Fluorescent  screens  were  deposited  on  the  end  of  a  glass 
cylinder  which  was  waxed  to  a  steel  flange,  the  latter 
being  bolted  to  another  flange  on  the  ion  source.  Screens 
were  constructed  by  settling  the  phosphor  on  glass  pre¬ 
viously  coated  with  a  conducting  film.  Materials  and 
recipe  for  depositing  the  screens  were  from  the  Sylvania 
Corporation.  The  tin  oxide  conducting  coating  was  depos¬ 
ited  using  the  technique  of  Gomerll  Electrical  contact  to 
the  flange  was  made  with  Aquadag.  The  Aquadag  was  also 
extended  along  the  walls  of  the  tube  to  within  approxi¬ 
mately  1/4"  of  the  screen. 
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Rhenium  filament  were  used.  Cesium  has  a  low  ionization 
potential  while  Rhenium  has  a  high  work  function,  thus 
considerable  ionization  is  produced  at  relatively  low 
temperatures.  Low  temperatures  are  required  in  order  not 
to  obscure  the  image  of  the  beam  with  light  from  the 
filament.  The  images  produced  using  such  filaments  always 
appeared  to  be  incomplete,  ie .  sections  of  the  pattern  were 
missing  while  some  sections  were  brighter  than  others.  This 
appears  to  have  been  due  to  non-uniform  emission  from  the 
filament,  probably  the  result  of  a  non-uniform  distribution 
of  the  Cesium  salt  on  the  filament. 

The  arrangement  did  not  appear  capable  of  produc¬ 
ing  a  well  defined  parallel  beam  of  rectangular  cross- 
section.  However,  tests  were  rendered  inconclusive  owing 
to  uncontrollable  flash-over  on  the  fluorescent  screen. 
Eventually  screens  were  constructed  which  did  not  flash-over*. 


The  flash-over  problem  seems  to  have  been  due  to  excessive 
resistance  between  screen  and  ground.  Applying  thicker 
tin  oxide  coatings  (enough  to  produce  a  milky  discolora¬ 
tion  on  the  glass)  in  addition  to  extending  the  coating 
over  almost  the  entire  inner  surface  of  the  glass  tube 
seemed  to  be  helpful  in  one  case.  However,  using  C^  ions, 
some  flash-over  (controllable)  still  occurred  for  large 
enough  current.  On  the  other  hand,  with  electrons  on  the 
same  screen,  no  flash-over  occurred,  even  at  much  higher 
currents.  The  enhanced  electron  mobility  in  the  screen 
material  might  account  for  this.  The  difference  in 
secondary  electron  emission  in  the  two  cases  might  also 
be  significant. 
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however,  the  original  arrangement  was  not  tested  on  these 
screens.  The  original  tests  had  indicated  the  need  for 
further  beam  shaping.  It  was  also  felt  that  some  provision 
for  focussing  the  beam  slightly,  previous  to  entrance  into 
the  accelerating  section  as  well  as  provision  for  beam 
centering  previous  to  acceleration  might  be  helpful. 

To  accomplish  this,  a  Nier  type  thick  lens5  was 
used.  In  addition,  defining  slits  were  placed  at  the 
entrance  and  exit  (following  the  tungsten  wire  grid)  of  the 
accelerator  section.  The  following  schematic  illustrates 
the  situation. 

Schematic  -  Alternate  Arrangement  Using  Nier  Type  Thick  Lens 

Fig.  VI 


I 


Accelerator 


R 


D.O.P.  Focus 


The  plates  D.  0.  P.  and  Focus  together  comprise 
the  Nier  type  thick  lens.  A  detailed  ray- tracing  for 
such  a  lens  has  been  carried  out  by  Dietz"^  who  gives  data 
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appropriate  to  the  case  where  strong  focussing  is  required . 
These  data  were  used  as  a  guide  in  determining  empirically, 
with  the  fluorescent  screen,  the  lens  voltages  appropriate 
to  the  present  case. 

Beam  centering  was  provided  by  making  the  focus 
plate  a  split  plate. 

Results  obtained  using  this  arrangement  are  dis¬ 
cussed  in  Chapter  IV. 

C.  Construction  of  the  Source 

All  metal  parts  were  of  stainless  steel  (#304), 
chosen  for  its  non-magnetic  qualities  in  addition  to  relative 
ease  of  finishing.  All  electrode  surfaces  in  contact 
with  the  beam  were  polished  to  a  mirror  finish  to  reduce 
polarization  effects  and  degassing  problems. 

Insulators  which  serve  as  spacers  for  the  electrodes 
were  made  of  Lava* . 

Critical  dimensions  on  all  Lava  and  metal  parts 
were  machined  to  a  tolerance  of  .001". 

The  method  of  mounting  the  quadrupole  electrodes 
will  be  clear  from  the  drawing.  The  remaining  electrodes 
were  mounted  on  four  l/l6"  diameter  stainless  steel  posts 

Talc.  The  material  is  soft  and  easily  machinable  to  normal 
tolerances  when  raw.  After  machining,  the  part  is  baked 
in  a  hydrogen  atmosphere.  The  resultant  piece  is  extremely 
hard  and  tough.  Some  shrinkage  occurs  during  baking.  How¬ 
ever  this  is  quite  uniform  and  hence  is  easily  compensated,, 
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threaded  into  the  rear  face  of  flange  #1.  3  mm.  glass 

tubing  placed  over  the  posts  insulated  them  from  the 
electrodes.  Electrode  plates  had  holes  drilled  in  them  to 
receive  the  glass  covered  posts.  This  type  of  construction 
is  identical  with  that  used  in  the  conventional  source. 

The  accelerator  section  consisted  of  twenty 
identical  rings  joined  by  Pyrofilm  PT  500  glass  covered 
resistors  (500  K  -  1%) .  One  lead  of  each  resistor  was 
spot-welded  to  an  electrode.  The  other  lead  passed  through 
a  hole  drilled  in  the  plate  above.  Electrical  connection 
was  assured  by  simply  bending  the  leads  to  provide  a  slight 


tension . 
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PROFILE  :  QUADRUPOLE  LENS  SOURCE 

FOR  MASS  SPECTROMETER 


IV. 


RESULTS 


The  device  was  set  up  with  a  fluorescent  screen 
mounted  as  closely  as  possible  to  the  required  cross-over 
position.  For  these  tests,  the  source  was  operated  with 
reversed  electrode  potentials  using  the  Re  filament  as  an 
electron  emitter.  This  proved  to  be  far  more  satisfactory 
than  using  Cs+  ions  as  was  done  initially.  Complete  patterns 
of  more  than  adequate  intensity  were  obtained. 

A  variety  of  defining  slit  widths  were  tried  in 
order  to  indicate  the  extent  of  any  abberations. 

Using  defining  slits  .030"  x  .40"  and  with  the 
focussing  plate  shorted  to  the  D.  0.  P.  ( ie .  with  no  focus¬ 
sing  action  from  the  thick  lens)  a  sharply  defined  rectang¬ 
ular  pattern  approximately  .13"  x  .8"  was  obtained  on  the 
fluorescent  screen.  In  spite  of  the  divergence  of  the  beam, 
a  very  sharp  line  focus  approximately  .010"  wide  was  obtained 
with  the  quadrupole  lens  turned  on.  With  the  focus  plate 
unshorted  and  the  potentials  readjusted  to  give  a  parallel 
beam  a  very  poorly  defined  rectangle  of  approximately  the 
dimensions  of  the  defining  slit  was  obtained.  The  pattern 
was  of  much  greater  intensity  than  that  obtained  in  the 
previous  case  (a  factor  of  about  10,  as  determined  later 
with  the  source  mounted  on  the  mass  spectrometer) .  However, 
when  attempts  were  made  to  focus  this  pattern  with  the 
quadrupole  lens,  line  widths  of  no  better  than  approximately 
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.020"  were  obtained.  Moreover,  the  line  focus  had  rather 
diffuse  edges. 

The  quality  of  focus  obtained  in  both  cases  tended 
to  be  quite  sensitive  to  changes  in  the  voltages  applied  to 
the  D.  0.  P.  and  Focussing  electrodes.  A  much  more  serious 
problem,  however,  was  that  changes  in  these  electrode  voltages 
generally  tended  to  move  the  beam  laterally.  Both  effects 
are  almost  certainly  due  to  misalignment  of  the  electrodes. 
Unfortunately,  with  the  type  of  mounting  used  little  can  be 
done  to  correct  this. 

Some  focussing  in  the  x  -  z  plane  also  occurred  for 
certain  values  of  the  focus  voltage.  However,  this  could 
not  be  controlled  in  a  desirable  fashion  and  hence  was  a 
detriment.  The  effect  was  probably  caused  by  using  a  defin¬ 
ing  slit  as  top  plate  of  the  accelerator  adjacent  to  the 
split  focus  plate.  With  a  defining  slit  of  finite  length 
field  gradients  in  the  x  -  z  plane  would  be  set  up. 

The  apparatus  was  next  mounted  on  the  mass  spectro¬ 
meter.  With  a  filament  loaded  with  Rb^SO^  the  task  of  align¬ 
ing  *  the  instrument  was  begun.  This  proved  to  be  both 
tedious  and  difficult. 

Complications  arose  for  a  variety  of  reasons . 

When  the  filament  was  removed  for  reloading  slightly 
different  potentials  were  required  on  the  electrodes  owing 
presumably  to  the  impossibility  of  repositioning  the  fila- 
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ment  precisely.  Normally  this  would  not  be  relevant  but 
In  the  present  case  some  lateral  displacement  of  the  beam 
results,  as  was  pointed  out  above.  In  addition  some  changes 
In  beam  divergence  must  occur  with  the  result  that  the 
axial  position  of  the  line  focus  is  shifted.  The  net  result 
is  that  it  is  practically  impossible  to  know  the  exact 
location  of  the  line  focus . 

The  following  sketch  illustrating  the  requirements 
of  alignment  will  serve  to  indicate  the  nature  of  the 
problem. 


For  a  symmetric  arrangement  ^  .  With 

the  principal  ray  normal  to  the  field  boundaries  the 

condition  for  refocussing  is  that  the  object,  the  centre  of 

4 

curvature,  and  the  image  lie  on  the  same  straight  line  . 


42. 


Ultimately,  a  reasonable  alignment  was  achieved  by 
estimating  the  resolution  of  two  mass  peaks  displayed  on  a 
pen  recorder  after  each  adjustment.  No  attempt  was  made  to 
align  the  axis  of  the  collector  slit  with  that  of  the  object 
line  focus.  Resolution  was  estimated  by  taking  as  peak  width 
the  distance  at  baseline  between  "best-fit"  straight  lines 
drawn  along  the  sides  of  the  peaks.  In  the  present  case 
(defining  slits  .030"  and  .  40",  =  0.017"*  r  =  6")  a 

resolution  of  approximately  190  was  obtained.  (Fig.  VIII). 

This  value  is  most  probably  an  under  estimate  since  it 
assumes  a  constant  scan  rate,  whereas,  in  fact,  the  scan 
rate  varied  exponentially. 

An  estimate  of  the  beam  width  at  the  collector  may 
be  obtained  as  follows: 

Consider  an  ideal  beam  of  uniform  current  density 
and  sharply  defined  width  Sg.  If  such  a  beam  be  scanned 
over  a  collector  slit  of  width  >  Sg  an  idealized  peak 
shape  results.  The  dotted  curve  shows  the  effect  of  distributed 
current  density.  ^  ' 
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Figure  VII  shows  a  typical  slow  speed  scan 
obtained  under  conditions  previously  noted.  Applying  the 
above  considerations  we  find 

sB  £  .009" 

as  the  beam  width  at  the  collector,  and  using 

r  =  M  r 

AM  Sg+S^ 

we  find  R  %  230 


Peak  Obtained  with  Quadrupole  Source  -  Slow  Speed  Scan 
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Relative  Intensity  (Ions  per  inch) 
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By  differentiating  one  side  of  the  peak  (Pig.  VII) 
a  current  density  profile  of  the  ion  beam  at  the  collector 
may  be  obtained.  (Fig.  VIII j  a)  this  should  be  compared  with 


Fig.  VI I lb  which  shows  results  obtained  with  the  conventional 


source . 
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a)  Current  Density  Profile: 

Quadrupole  Source 


b)  Current  Density  Profile: 

Conventional  Source 
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Fig.  IX  shows,  for  comparison,  Rb  peaks  obtained 
with  the  quadrupole  source  along  with  a  similar  set  obtained 
with  the  conventional  source. 

n 

Fig.  IX  -  Comparison  of  Rb  Peaks 
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It  will  be  noted  that  the  peaks  obtained  with  the 
quadrupole  source  exhibit  less  resolution  than  those  obtained 
with  the  conventional  source.  Moreover,  greater  "tailing"  is 
shown  in  the  former  case.  Partly,  at  least,  this  may  be  due 
to  misalignment  of  the  source  and  collector  "slit"  axis. 
However,  work  with  the  screen  indicated  some  distortion  and 
spread  of  the  ends  of  the  line  focus.  The  effect,  which 
would  appear  on  recorder  traces  as  "tailing",  was  due  to  the 
focussing  electrodes. 

The  present  arrangement  was  also  tested  using  wide 
defining  slits  (.166"  x  .224").  As  might  be  expected,  the 
various  abberations  previously  noted  were  again  observed 
and,  in  fact,  were  much  more  marked.  With  no  focussing  from 
the  Nier  thick  lens  the  accelerator  section  produced  a 
sharply  defined  but  badly  divergent  beam  which  could  be 
focussed  with  the  quadrupole  to  a  line  width  of  ^  .Oil". 

Using  the  Nier  lens  to  remove  the  beam  divergence  the  best 
line  width  obtained  with  the  quadrupole  was  ^  .030" . 

An  attempt  was  made  to  compare  the  sensitivity  of 
the  quadrupole  source  using  this  electrode  arrangement  with 
that  of  the  conventional  source. 

Recalling  that  the  ionization  efficiency  for 
positive  ions  emitted  from  the  hot  filament  is  given  by 


N+/Nc  = 


e  (  cjo—  cp ) 
kT 


exp  [ 
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It  is  evident  that  a  reasonable  sensitivity  comparison  requires 
that  ions  be  emitted  at  the  same  temperature  in  both  cases. 

In  addition,  the  work  function  of  the  filaments  must  be  the 
same.  These  conditions  were  met  as  well  as  possible  by 
using  the  same  filament  in  both  sources. 

The  measurements  indicated  an  improvement  in  sensi¬ 
tivity  by  a  factor  of  about  3  over  the  conventional  source. 

This  figure  should  perhaps  be  considered  a  lower  bound  on 
the  true  value  since  we  can  not  be  sure  that  the  optimum 
focussing  conditions  for  the  quadrupole  source  were  actually 
obtained . 
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V.  REMARKS 

The  improvement  in  sensitivity  obtained  with  the 
quadrupole  source  is  not  as  high  as  reported  by  Kinzer  and 
Carr  who  state  that  currents  approximately  100  times  higher 
than  experienced  with  a  conventional  Winn  -  Nier  gas  source 
were  obtained.  It  will  be  realized,  of  course,  that  such  a 
figure  is  highly  dependent  on  the  detailed  nature  of 
the  source  being  compared.  Other  workers  suggest  a  factor 
of  about  8. 

The  width  of  line  focus  obtained  is  not  as  narrow 
as  had  been  hoped.  However,  the  result  is  consistent  with 
that  reported  by  Giese,  who  obtained  line  widths  of  ^  .025" 
using  an  entering  beam  .375"  wide.  Both  width  of  line  focus 
and  extent  of  "tailing"  appear  to  be  better  than  results 
obtained  by  Kinzer  and  Carr,  as  a  comparison  of  Fig.  VIII 
with  their  Fig.  2  would  suggest. 

Line  widths  of  approximately  .010"  were  obtained 
with  the  beam  initially  divergent  and  hence  strongly  collimated 
by  the  exit  defining  slit  of  the  accelerating  section.  How¬ 
ever,  in  all  cases  tested,  attempts  to  produce  an  initially 
parallel  entering  beam  always  produced  a  line  focus  approxi¬ 
mately  twice  this  width.  In  addition,  the  line  focus  tended 
generally  to  be  less  well  defined.  The  residual  width  appears 
to  have  been  due  partly  to  abberations  in  the  pre-acceleration 
focussing  lenses  and  partly  to  the  grid  used  to  terminate 
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the  uniform  field  accelerating  section. 

It  thus  seems  advisable  to  provide  a  final  defin¬ 
ing  slit  as  in  the  conventional  source.  Transmission 
through  such  a  slit  would  be  quite  large ,  and  certainly 
higher  than  could  be  obtained  with  conventional  focussing. 
The  use  of  a  defining  slit  would  also  considerably  alleviate 
the  problem  of  alignment  of  the  source  with  the  mass 
spectrometer . 
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APPENDICES 
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APPENDIX  I 

Shape  of  Polepleces 

As  shown  above ,  the  required  fields  are  produced 
by  infinite  hyperbolic  pole  pieces.  Since  this  is  imprac¬ 
ticable  and,  in  any  case,  hyperbolic  forms  are  extremely 
difficult  to  machine,  some  approximate  shape  must  be  substi¬ 
tuted.  For  ease  of  machining,  cylindrical  pole  pieces  are 
generally  used.  Satisfactory  approximation  to  the  hyper¬ 
bolic  shape  is  obtained  if  the  cylinders  have  radius  R1 
where : 

i  19 

1.125  R0  <  R  <  1.15  R0 

where  2RQ  is  the  lens  aperture . 

6  7 

As  shown  by  El-Kareh  and  also  by  Elmore  and  Garrett  1 

the  term  following  the  hyperbolic  term  in  the  power  series 
expansion  for  a  quadrupole  potential  of  this  symmetry  is 
sixth  order.  Hence  using  cylinders  to  approximate  the  required 
form  should  introduce  negligible  abberation. 

The  calculations  also  assume  square-shaped  fields 
extending  over  a  sharply  defined  region  of  length  d.  Cal¬ 
culations  with  the  more  realistic  "bell"  shaped  fields  give 

results  which  differ  by  approximately  only  1%  from  those 

20 

obtained  in  the  present  approximation.  The  fringe  fields 
may  be  accounted  for  by  taking  for  the  effective  length  of 
a  lens  element: 

t 

d  =  d  +  aR0 


A3 


where  d 1  is  the  actual  length  of  a  lens  element  and  a  Is  a 
parameter  whose  magnitude  depends  on  the  relative  dimensions 
of  d1  and  RQ .  In  most  cases  a  reasonable  approximation  is 
obtained  with 

a  £  1/4 
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APPENDIX  II 


The  Matrix  Formulation  of  Geometrical  Optics 

The  following  sign  convention  will  be  adopted: 

The  object  distance  S0  is  considered  positive  if  the  object 
lies  in  object  space  ( ie .  on  the  entrance  side  of  the  lens 
in  the  case  of  a  thin  lens); 

The  image  distance  S-^  is  considered  positive  if  the  image 
lies  in  image  space; 

A  positive  focal  length  f  corresponds  to  a  convergent  lens. 

The  Thin  Lens 


A  ray  incident  parallel  to  the  axis  is  bent  through 

Pb  -  X]_/f  . 


an  angle  cp  where,  from  the  diagram  cp 
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A  ray  Incident  at  angle  xQ  at  distance  xQ  from  the 
axis  emerges  from  the  lens  at  distance  x^  =  xQ  from  the  axis 
and  at  an  angle  x^,  where  from  the  diagram, 


x. 


=  x^  -  X  /f 
n  n/ 


(which  is  the  thin  lens  relation) . 

Thus  if  we  wish  to  consider  the  properties  of  a 
thin  lens  in  terms  of  a  matrix  transformation  between  object 
and  image  space. 


r  X  ' 

f 

— 

M 

l 

.X-,  j 

x 


o 


it  is  clear  that  the  transformation  matrix  M  must  have  the 
form: 


r  1 


o 


M 


-1/f 


(1) 


A  transformation  matrix  may  also  be  written  for  a 
drift  space  (ie.  a  region  having  no  focussing  properties). 

By  definition,  a  drift  space  of  length  L  is  such 


x-,  =  x  +  x  L 

1  o  o 


X 


=  X 


o 


that : 
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mm- 


a6 


and  hence  the  matrix  for  a  drift  space  is: 


D  = 


'  1 
v  0 


IA 

1 


(2) 


To  illustrate  the  approach  in  using  the  matrix 
method  consider  the  simple  thin  lens.  A  ray  with  coordinates 
in  object  space:  xQ,  xQ,  SQ  is  focussed  in  image  space  to 
a  point  with  coordinates  x^,  x^,  .  Thus  the  ray  "sees"  a 

drift  space  of  length  SqJ  a  lens,,  and  a  drift  space  of 
length  Sj_ ,  in  that  order.  Hence  the  complete  system  is 
described  by: 

f  1 


r  - 

1 — 1 

X! 

V _ 

f1 

V 

.-X^  J 

= 

,  0 

1  -> 

"1  0 
. -1/f  1 


Sn"  ;  X 
o  o 


L  0 


1 


X 


or 


1 — 1 

X 

!  1  -  s±/f 

S  S.  j 

Q  4.  Q  _  Ol 

i  0  f 

*1 

[-  1/f 

1  -  so/f  J 

x 


o 


x 

l  o 


Considering  rays  originating  from  a  point  on  the 
axis  and  requiring  point  focussing,  we  have  x^  =  xq  =  0 


and  hence : 


SnS, 

(q  +  so  -  -7^  )  xo  5  0 


and  since 


xo  ¥  0 


S.  +  S 

1  O 


o 

S  S  • 

—2  -2  =  0  which  is  the  thin  lens  relation 


fix,  al 
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Thick  Lenses  or  Combinations  of  Two  Thin  Lenses 

In  order  to  retain  the  simple  thin  lens  relation 
in  the  case  of  the  thick  lens  or  a  combination  of  two  thin 
lenses,  principal  planes  are  introduced.  Effectively,  the 
thick  lens  (or  lens  combination)  is  replaced  by  an  equival¬ 
ent  thin  lens  which  is  the  principal  plane.  Two  such  planes 
are  required,  their  location  being  such  that  when  distances 
are  measured  relative  to  them,  the  simple  thin  lens  relation 
is  valid.  The  situation  is  illustrated  in  the  following 
diagram. 


-4- 


F 


The  following  sign  convention  regarding  the 
positions  hQ  and  h^  of  the  object  and  image  principal  planes 
should  be  noted. 

The  object  (entrance)  principal  plane  is  located 
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a  distance  hQ  behind  the  lens  entrance.  The  Image  (exit) 
principal  plane  is  located  a  distance  h^  before  the  lens 
exit . 

An  expression  for  the  equivalent  focal  length  of  a 
combination  of  two  thin  lenses  and  expressions  for  the  posi¬ 
tions  of  the  principal  planes  may  be  obtained  easily  using 
the  matrix  method. 

Consider  two  thin  lenses  of  focal  lengths  f^  and 
fg  separated  a  distance  L.  The  transformation  through  the 
combined  system  of  lenses  and  drift  space  is  given  by: 


M 


M 


"1 

O' 

"1 

"1 

0" 

' -l/f2 

1> 

.0 

1. 

i — 1 

1 

1> 

1  -  L/f , 


+ 


L 


f  f 
lz2 


(3) 


By  comparison  with  the  matrix  for  a  single  thin  lens  the 
focal  length  of  the  combination  is  given  by: 


1 

F 


1  +1  - 
f.  f^ 


L 


f  f 
12 


To  find  the  locations  of  the  principal  planes 
consider  a  ray  incident  parallel  to  the  axis,  from  the  object 
side  of  the  system.  Such  a  ray,  by  definition  must  cross 
the  axis  at  distance  F  from  the  exit  principal  plane,  ie .  at 
distance  F-hj_  from  the  lens  exit.  Thus,  if  we  consider  the 
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system  of  lens  and  drift  space  of  length  F  -  h 
conditions  xQ  =  0,  xi  =  we  mus^  have: 


'  0  > 

f 

\ 

from  which 

0  = 

F  -  h±'  r 


1  -  L/f-L 

l-l/F  1  -  L/f 


0  =  -  L/f-,  +  h±/F 


j_,  with 


L" 

0 

OJ 

"  0  J 

and  hence  h^  =  LF/f 

Similarly,  by  considering  rays  parallel  to  the 
axis  incident  from  the  image  side  of  the  system,  we  find: 


hQ  =  IF/t2  . 

Using  the  three  relations  just  obtained,  L  may 
be  eliminated  from  the  matrix  for  the  system.  We  find: 

"1  -  hj/F  ho  +  hi  “  — ^ 

M  =  p 

-lA  1  -  h0/Fj 

which,  it  may  be  verified,  is  equivalent  to: 
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M  = 


r  l 

r 

•H 

'  l 

O'' 

r  i 

no 

,  1 

1> 

a 

i — 1 

1 

l  - 

to 

1. 

which  is  the  transformation  appropriate  to  a  thick  lens. 

From  equation  (4)  expressions  may  be  obtained  for 
the  focal  length  and  positions  of  the  principal  planes 
in  terms  of  matrix  elements  for  the  lens.  We  find: 
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h 


i 
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-l/M2i 


Mn  -  1 
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21 


M22  -  1 
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21 


These  expressions,  it  will  be  realized,  are  of 
completely  general  validity,  since  any  lens  system  can  be 
reduced  to  an  equivalent  set  of  principal  planes. 

It  is  also  of  interest  to  note  that  the  matrix 
for  any  lens  system  is  orthogonal  ( ie .  has  determinant 
unity)  as  may  be  verified  by  inspection  of  equation  (4). 
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